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Abstract: This work deals with the study of embeddings of toric Calabi- 
Yau fourfolds which are complex cones over the smooth Fano threefolds. In 
particular, we focus on finding various embeddings of Fano threefolds inside 
other Fano threefolds and study the partial resolution of the latter in hope 
to find new toric dualities. 

We find many diagrams possible for many of these Fano threefolds, but 
unfortunately, none of them are consistent quiver theories. We also obtain a 
quiver Chern-Simons theory which matches a theory known to the literature, 
thus providing an alternate method of obtaining it. 
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1 Introduction 

The relation between the gauge theory and geometry has been an active 
area of research for a long time. D3 and M2 branes have been extensively 
used for probing various space-time singularities. The gauge theory living 
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on the worldvolume of the branes is influenced by the geometry of the space- 
time singularity probed by these branes. Thus the information about the 
geometry, as a result of probing, is transformed into the gauge theory data. 

The study of Z)3-branes probing the trivial flat space has led to one 
of the most important developments in string theory, called the AdS/CFT 
correspondence [I] . The system of N coincident D3-branes in flat space can 
be viewed as both type-IIB string theory on AdS^ x and also as (3-1-1)- 
dimensional N = A supersymmetric SU{N) Yang-Mills theory [T]. It was 
found that by taking the orbifolds C^/T, where T C SU{3) is a subgroup 
of SU{3), the gauge theories with less number of supersymmetries can be 
constructed mmm- An important class of such orbifolds is the abelian 
orbifold for which T is of the form (Z^ x Z„). These abelian orbifolds of 
reduce the supersymmetry to AA = 1 [5]. The matter content of the gauge 
theories which arise on the Z13-branes as a result of probing orbifolds of C^, 
can be represented in terms of a quiver diagram. A quiver diagram consists 
of some nodes and oriented arrows connecting the nodes [6]. The nodes 
represent the gauge groups of the gauge theory and the oriented arrows 
between two nodes represent the bifundamental chiral multiplets. An arrow 
starting and ending on the same node represents an adjoint field. Moreover, 
the superpotential of these gauge theories is a subset of closed loops (formed 
by the oriented arrows of the quiver) in the quiver diagram. Such a gauge 
theory is called as quiver gauge theory. 

The abelian orbifolds of are examples of a special class of mani¬ 
folds, called toric Calabi-Yau threefolds (CY^) [3 O |9]. A general toric 
CY^ can also be constructed by taking a real cone over a 5-dimensional 
Sasaki-Einstein manifold [iniiiiiiE]- The geometrical information of a toric 
Calabi-Yau manifold is contained in its toric diagram. The toric diagram 
for a toric CY^ is a 2-dimensional diagram which is a convex lattice polygon 
drawn on Z^ lattice. The vertices of the toric diagram can be encoded in 
the columns of a matrix, called as toric data, which we shall denote as Q. 
These toric CY^ have a cone type singularity. A stack of D3-branes placed 
transversely at the tip (or the singularity) of a toric CY 3 gives rise to AA = 1 
quiver gauge theory on the worldvolume of D3-branes. The toric nature of 
the underlying Calabi-Yau geometry restricts the gauge group of the quiver 
gauge theory of the form ]))[ U{N)^, where G is the number of gauge group 
factors or the number of nodes in the quiver diagram. Further, the super¬ 
potential W of these gauge theories is toric, which means that every field 
should appear exactly twice in W, once in a positive term and once in a 
negative term. 

It is an interesting exercise to determine the gauge group and matter 
content {Ai}’s (or the quiver diagram) and the superpotential of the A/" = 
1 quiver gauge theory for a given toric CY 3 . The reverse problem is to 
determine the geometry of the toric CY 3 corresponding to the quiver gauge 
theory residing on L)3-branes transverse to the Calabi-Yau. In the literature. 
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the method of obtaining toric data from quiver gauge theory is called the 
forward algorithm and the reverse case, i.e. obtaining quiver gauge theory 
data from the toric data is called the inverse algorithm nail]. 

The forward algorithm starts with the quiver gauge theory and com¬ 
putes the toric data of the underlying Calabi-Yau singularity. In forward 
algorithm, the interactions {W) and the matter content (quiver diagram) of 
a quiver gauge theory give the T-term and D-term equations [13] • These 
are used to compute the so-called matrices Qp and Qd |I3| . These matrices 
can be concatenated together in a larger matrix Q, called as total charge 
matrix m and is given as: 


Q = 



( 1 ) 


The nullspace or the cokernel of the total charge matrix Q gives the toric 
data [Q.G^ = O). For a toric CY^, the columns of toric data turn out to 
be three-dimensional vectors but the Calabi-Yau condition requires these 
vectors to be coplanar. Thus the tip of these vectors can be drawn as a 
convex polygon in lattice, which is the required toric diagram of the toric 
CY^. In other words, this toric diagram can be drawn in a two-dimensional 
plane whose vertices are always integer points. 

Reversing the steps of the forward algorithm, one can in principle obtain 
quiver gauge theories from the Calabi-Yau threefold toric data. This pro¬ 
cedure is called inverse algorithm [laiiii. However the inverse algorithm 
has ambiguities m- Hence to perform the inverse algorithm on a toric data 
Q, we have to determine the multiplicity of columns of Q as well as the Qp 
matrix and the Qp matrix by some other method. 

For any general toric Calabi-Yau threefold, the charge matrices Qp and 
Qp and the correct multiplicity in toric data can be obtained using the 
method of partial resolution (5] US] US] [IB] on (Zm x Z^) orbifold singular¬ 
ities of C^. In this method, a given Calabi-Yau threefold is embedded into 
C^/ (Zm X Z„), where m and n are the smallest integers such that the toric 
diagram of the orbifold contains the toric diagram of the given CY^. The 
dual quiver gauge theory for the C^/ (Z^, x Z„) is well known. The correct 
multiplicity of Q and corresponding Qp and Qp charge matrices of CFs can 
be obtained using the steps of partial resolution method m by removing 
appropriate points from the toric diagram of abelian orbifold of . It is im¬ 
portant to mention that the method of partial resolution can be applied for 
any general toric CY^ to obtain the possible quiver gauge theories. However, 
as the values of m and n become large, the computations become difficult. 

Motivated by the Z?3-branes probing geometrical singularities, string the¬ 
orists started to use M2-branes for probing the toric Calabi-Yau fourfold 
(C'Y 4 ) singularities. However a general structure of the underlying (2-|-l)- 
dimensional conformal field theory (CFT^) was unknown for a long time. 
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It was realized later that by introducing the Chern-Simons terms, one can 
construct (2+l)-dimensional field theories with more than Af = 3 super- 
symmetry. This idea was used by Bagger and Lambert [m ISl EH] and 
by Gustavsson [201 EU and various higher supersymmetric {J\f = 3, 4, 5, 6 ) 
Chern-Simons theories were constructed [22l|23ll211|25l|26l[27l[28l[29l|30]. 
It led to the understanding of many AdSi/CFT^ duals pairs. 

In the pioneering work by Aharony, Bergman, Jafferis and Maldacena 
(ABJM) [22], a two-node quiver gauge theory was conjectured to be dual 
to coincident M2-branes probing orbifold. This gauge theory is a 

Af = 6 supersymmetric U{N) x U{N) Chern-Simons theory with integer 
Chern-Simons levels {k, —k). This theory is also famous by the name of 
ABJM theory [22] which has the gravity dual as M-theory on AdS^ x S’^ 

For k = 1, this theory describes M2-branes probing flat C^. 

More general quiver Chern-Simons theories with less number of super- 
symmetries {N = 2 ) were constructed by placing M 2 -branes at the tip 
of singular Calabi-Yau fourfolds. These have the base manifold T, 
which is a seven-dimensional Sasaki-Einstein manifold (analogous to the 
hve-dimensional base in the CI 3 case). These theories were conjectured to 
be dual to M-theory on AdS '4 x Y. 

Note that the matter content of these Af = 2 quiver Chern-Simons the¬ 
ories can be encoded in the usual quiver diagrams. However, to completely 
specify a quiver Chern-Simons theory, we also have to indicate the inte¬ 
ger Chern-Simons levels corresponding to each gauge group factor. This is 
achieved by putting the integers on the corresponding nodes of the quiver 
diagram. We also require these quiver Chern-Simons theories to satisfy the 
two toric conditions mentioned earlier: gauge group is U{N)^, where G is 
the number of nodes in the quiver and W is toric (every field should appear 
exactly twice with alternate signs). There is an additional constraint on 
the Chern-Simons levels of this theory from vacuum equations for Af = 2 
superconformal Chern-Simons with gauge group U{1)^: 

G 

= ( 2 ) 

i=l 

The sum of Chern-Simons levels equals zero will be necessary to get the 
Calabi-Yau to be fourfold m- 

Similar to the forward algorithm for N = 1 quiver gauge theories, an 
extended version incorporating the additional input of Chern-Simons levels 
was given in |32|I33| . This algorithm can be used to obtain the toric data {Q) 
of Calabi-Yau fourfolds starting from Af = 2 quiver Chern-Simons theories. 

However it should be mentioned here that unlike the abelian orbifolds 
of C^, the ( 2 -|-l)-dimensional quiver gauge theories (and hence Qp, Qd) for 
general orbifolds (Z„j x Z^j x Z^^g) of are not known. In |3l] , the quiver 
theories for C^/ (Z 2 )^ were obtained, but a general method for constructing 
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quiver Chern-Simons theories for an arbitrary orbifold of is not clear. 
Hence the method of partial resolution of orbifolds to obtain the quiver 
theories for any given Calabi-Yau fourfold is not applicable. 

An interesting class of toric Calabi-Yau manifolds are those which are 
constructed by taking complex cones over Fano varieties as base. Fano vari¬ 
eties in d-complex dimensions are usually called Fano d-folds. The important 
feature of these Fanos is that if we take a complex cone over a Fano d-fold, 
the resulting manifold will be a Calabi-Yau {d+ l)-fold. In particular, if the 
Fano variety is toric, the corresponding Calabi-Yau will also be toric. 

There are five smooth toric Fano twofolds in two complex dimensions, 
which are commonly known as zeroth Hirzebruch surface Fq, and the del- 
Pezzo surfaces dPo , dPi , dP 2 , dP^ in the literature m- Taking the complex 
cone over a smooth toric Fano twofold will give a toric CY3. The quiver 
gauge theories corresponding to the complex cones over these five smooth 
Fano twofolds was obtained in |13) by the partial resolutions of the (Z 3 x Z 3 ) 
orbifold of C^. 

In three complex dimensions, there are 18 smooth toric Fano threefolds 
[35l|36] (with nomenclature as used in [37]): F^, Bi, B2, B3, B4, Ci, C 2 , C 3 , C 4 , 
C 5 , Vi, P 2 , £1, £2, £3, £4, -Fi, J^2- Taking a complex cone over each of these 
will give a toric CY4. The quiver Chern-Simons theories corresponding to 14 
of these smooth toric Fano threefolds were obtained in [37| using the forward 
algorithm approach. The quiver Chern-Simons theories for the remaining 
four toric Fanos, i.e., Fanos F^, Hi, B 2 and B 3 was obtained in |3H] by 
analyzing the patterns of Qp, Qp charge matrices and applying inverse 
algorithm. There is another quiver Chern-Simons theory known for Fano Hi 
which was obtained in |39j and is different from the theory obtained in |38| . 

As already mentioned, the Qp and Qpi for quiver Chern-Simons theories 
corresponding to general orbifolds of are not known. As a result, ob¬ 
taining the quiver Chern-Simons theory for a given toric CY4 by embedding 
its toric diagram into a bigger toric diagram of an abelian orbifold of 
and applying partial resolution, is not possible. However, we can still per¬ 
form partial resolution on a toric CIY, if we know the corresponding quiver 
Chern-Simons theory, i.e., if we know the Qp and Qp charge matrices. We 
shall explain the method of partial resolution in the next section. 

It is an interesting exercise to obtain the embeddings of toric diagram 
of the complex cones over smooth toric Fano threefolds, into a larger toric 
diagram of some other Calabi-Yau fourfold where the corresponding quiver 
gauge theory for the latter is known. Some of these embeddings were dis¬ 
cussed in ^9]. Using the methods of higgsing nnum and unhiggsing [Mj . 
it was shown in |39j . that the toric diagram of the complex cones over Fano 
threefolds can be embedded into Calabi-Yau fourfolds which may or may 
not be complex cones over Fano threefolds. We also made a small progress 
in |l 2 |, where we studied the partial resolution of Fanos Hi, H 2 , H 3 , H 4 . We 
succeeded in Ending the toric diagram of Fano F^ embedded inside the toric 
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diagrams of Fano B 2 and Fano B 3 . Moreover, performing partial resolution 
of the Fano B 2 and Fano B 3 , whose quiver Chern-Simons theories are known 
in [38j . we also obtained the quiver Chern-Simons theory for Fano j42| . 
This quiver gauge theory for Fano matched with that obtained in |38| . 
thus justifying the result of [38] . 

In this work, we study the embedding of complex cones over the 18 
smooth toric Fano threefolds, to find if they are embedded inside the complex 
cones of any other Fano threefold. Note that some of these embeddings such 
as embedding of Fano £i inside Fano J- 2 ] Fano .64 inside Fano P 2 and Fano 
C 4 ; Fano C 3 inside Fano £3 have been already done in [39] . Moreover, once we 
have obtained a possible embedding, we apply partial resolution approach 
to obtain the Qp and Qp charge matrices. Then we apply inverse algorithm 
on these charge matrices to extract the possible quiver diagrams. 

The plan of the paper is as follows. In section we briefly review 
partial resolution method and the steps which we are going to follow in the 
subsequent sections. In sections 0 im§ 0 §§ we will discuss about 
the embeddings of Fano P^, Fano Bi, Fano . 64 , Fano Ci, Fano C 3 , Fano £>2 
and Fano £i respectively into other Fano threefolds. We will also apply 
partial resolution to see if we can get quiver diagrams. We finally conclude 
in section m 

2 Partial Resolution method 

We know that starting from a given toric Calabi-Yau fourfold, one can in 
principle, obtain the quiver Chern-Simons theory using the inverse algo¬ 
rithm. One major drawback of the inverse algorithm is that it suffers from 
subtle ambiguities |13] which we have listed below: 

1. Two toric datas Q and Q' are considered equivalent if they are related 
by any GL{A,'L) transformation 7~, that is, Q = T.Q'. This leads to 
a huge pool of possible nullspace of ^ - namely, the charge matrix Q 
satisfying Q.Q^ = 0 can be many. Moreover, even with the knowledge 
of Q, there is no way to identify which rows of Q form Qp and which 
rows form Qp. 

2. The multiplicity of the points in toric diagram gives the toric data with 
repeated columns but they represent the same Calabi-Yau fourfolds. 
A priory, it is not clear which points with what multiplicity in the toric 
diagram to be taken. A different multiplicity will lead to a different 
charge matrix Q. 

The important step in inverse algorithm is to obtain the charge matrices 
Qp and Qp from the toric data. The quiver diagram, W and Chern-Simons 
levels can then be obtained by reversing the steps of forward algorithm. 
Finding Qp, Qp is the difficult part in the inverse algorithm. In the context 
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of Calabi-Yau threefolds, there is a method to obtain the Qp and Qp charge 
matrices starting from any given toric Cls. This method is known as partial 
resolution m and we will discuss it in this section. 

Note that these ambiguities in inverse algorithm also give rise to an 
interesting duality called as toric duality m- Because of the ambiguities 
in choosing Qp and Qp, we may get more than one quiver gauge theory 
corresponding to the same toric data of Calabi-Yau m- This suggests 
the presence of an underlying duality between such quiver gauge theories 
which is called the toric duality. The different quiver gauge theories which 
correspond to the same toric data are called toric duals or phases. Toric 
duality was first discovered in m while studying the partial resolution of 
C^/ (Z 3 X Z 3 ) giving complex cones over del Pezzo surfaces, which are also 
known as Fano twofolds. The toric duality has been analyzed in many works 
[laiisiiii]. Examples of various toric dual quiver gauge theories (or phases) 
have been discussed in [niEiiiii]. 


2.1 Partial resolution 


In the method of partial resolution, we start with a given toric Calabi-Yau 
threefold, say CY^ with the toric data Qi, whose charge matrices Q\, and Q\) 
needs to be found. For any toric Calabi-Yau threefold, the matrix Q will have 
three rows, of which all the entries in the first row will be 1. This is because 
the Calabi-Yau condition requires that the tip of each three-dimensional 
vector (given by the column vectors in Q) lies in the same hyperplane. Thus 
the typical toric data in our case will be given as: 


Qi 


/ Pi P2 P3 ■■■ Pa \ 

1 1 1 ... 1 

n21 n22 n23 ■ ■ ■ n2a 

\ ^31 n32 n33 ... nsa / 


(3) 


where the rij’s are all integers. Note that some of the columns in Qi may be 
repetitive which does not make any difference as far as the CY^ is concerned. 
Consider another toric Calabi-Yau threefold, say CY^ whose corresponding 
charge matrices (and hence quiver gauge theory) are already known. Fur¬ 
ther, we want this CY^, with toric data G 2 , to be such that the toric diagram 
of CY^ is embedded inside CY^. In other words, the toric data Q 2 contains 
the columns of Qi and will have the form: 


/ 

Pi 

P2 

P3 ■ 

Pa Pa-\-l Pa-\-2 

• P/3 \ 


1 

1 

1 . 

. 1 . 

. 1 


^-21 

n22 

n23 ■ 

••• • • • 

• n2i3 

V 

^-31 

n32 

n33 ■ 

••• • ‘ ‘ 

■ ri30 J 


Note that we have labeled the columns as pi,p 2 , ■■■,p^, which are the matter 
fields in Witten’s linear cj-model m- The charge matrix corresponding to 
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Q 2 is Q 2 satisfying Q 2 -Q\ = 0. This charge matrix Q 2 consists of F-term 
and F-term charge matrices [13], Q\ and which are already known. 
Suppose there are x number of rows in Q^p and y number of rows in Q^. 
Thus, <52 will be given as: 


Q2 


(Qf)xx/3 

iQ‘D)yxy 


/ Pi 

P2 

P3 

... pp 


On 

012 

013 

■ ■ ■ Oi^ 

0 

021 

022 

023 

• ■ ■ 02/3 

0 

0^x1 

0x2 

^x3 

• ■ ■ Ox/3 

0 

bn 

^12 

CO 

... 6i/3 

Cl 

b2i 

b22 

^23 

• ■ ■ ^2/3 

C2 

\ byl 

by2 

byS 

• ■ ■ ^3/3 

Cy 


(5) 


Note that because of the relation Q 2-^2 ~ number of columns in Q 2 

and hence Q\ and Q\, will be ( 3 . The o’s and 6 ’s are all integers and are the 
elements of and respectively. We have also used the convention of 
m of introducing the last column (0, 0,..., 0, Ci, C 2 , ■ ■ •, Cj/) to specify that 
the first set of rows are F-terms (and hence 0 ) and the second set of rows 
are F-terms (and hence resolved by the Fl-parameters C 1 X 2 , ■ ■ ■ ,Cy)- 

In the partial resolution approach, we try to get the toric diagram of CY^ 
by removing the points from the toric diagram of CY^. This is equivalent 
to removing the extra columns from Q2 to get the toric data Qi. Thus we 
have to remove the set of columns {pa+i,Pa+ 2 , ■ ■ ■ ,P/ 3 } from the toric data 
G2 Q to get the toric data Gi Q. 

The next step is to determine the charge matrix Qi consisting of Qp and 
Qp charge matrices, so as to find the quiver gauge theory corresponding to 
CY^. For this, we first write a row of Qi (say r) as a linear combination of 
rows of < 52 : 


T — + 1233-2 T • • • T lx33x T T lx+23ix+2 T • . . T lx+y33x-\-y , (6) 

where, Ri, R 2 , ■ ■ ■, Rx are the rows of Q^p ([^ and Rx+i, Rx+ 2 -, ■ ■ ■ 1 Rx+y are 
the rows of Q\, ([^ . Substituting the rows from ^ into eq. 0. we will get 
a row r of Qi in terms of rows of Q 2 - Now, in order to get the toric data Qi 
from G 2 , we had to remove the set of columns {pa+i,Pa+ 2 , ■ ■ ■ iPy}- Thus, 
we must also remove these columns from the row r Q . Equating the entries 
of the columns {pa+i,Pa+ 2 , ■ ■ ■ ,Pj 3 } in the row r to 0, we get the following 
constraints respectively: 

X y 

^ ^ ho-i,a+l T ^ ^ ^x+ibi,a+l — 0 

i=l i=l 
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0 


X 

i=l 


H“ ^ ^ ^x+ibi^a-\-2 
i=l 


X y 

^ ^ ^2^2/3 “1“ ^ ^ Ix+ibijS — 0 . (7) 

2=1 2=1 

From these constraints, we solve for the /i, ^ 2 ,...,/x+y These equations in 
(x + y) number of k variables can be solved into rriz independent variables 
{z < X y). Thus, the eq. Q, in terms of mj variables can be written as: 

/ / / / 
r = miRi + m 2 i ?2 + "^-3-^3 + • • ■ + rUzRz > (8) 

where, each of the rows R'i, R' 2 , ■ ■ ■, R'z is a known linear combination of the 
rows Ri, R 2 ,.. ■, Rx+y of ([^. Thus the charge matrix Qi is spanned by z 
number of rows Ri, R 2 , ■ ■ ■, Rz and thus Qi can be fixed. However, just 
knowing Qi as whole will not solve the issue. We must also know which 
rows of Qi are the Qp rows and which are the Qp rows. 

To get the specific rows for Qp and Qp, we must also keep track of 
the Fl-parameters given in the last column of the <52 charge matrix ([^. A 
combination of rows among the rows will keep the last column of FI- 
parameters as 0. Thus any of the row R^, R 2 , ■ ■ ■, Rz of Qi which is obtained 
as a result of combination of rows of will continue to be the T-term 
row. Similarly, a row of Qi given as a combination of rows among Q'j^, will 
give a non-zero Fl-parameter and thus will continue to be a D-term row. 
However, any row of Qi which is formed by the combination between the 
and Qjj rows, will set a non-zero Fl-parameter and such a row will become 
a D-term row. Suppose out of z number of rows, zi correspond to a zero 
Fl-parameter and Z 2 number of rows correspond to non-zero Fl-parameter 
(with z = zi -|- Z 2 ). Thus the eq. ([^ can be written as: 

r = (miR[ +m 2 R 2 + • ■ ■ + ^z^Rz^ + i^zi+iRz^+i +'i^z 2 R'z 2 + • ■ ■ ^zi+z 2 Rzi+z 2 

, , (9) ^ 

Thus, the rows Ri,R 2 , ■ ■ ■, Rz-^ will form the Qp and the rows Rz-^+i, Rzi+ 2 ^ • ■ • > ^zi 
will form the Qp. Moreover, in writing the final form for Qi, we must also 
remove the columns {pa+i,Pa+ 2 , ■ ■ ■ jP/?}- This is because we have removed 
these columns in order to get Qi and we have already set the corresponding 
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entries in Qi to 0 0 . Thus, the hnal expression for Qi can be given as: 



Note that this matrix Qi corresponding to Qi, obtained as a result of partial 
resolution of Q 2 , is sometimes also called as the reduced charge matrix. We 
will use this term frequently in this paper. 

Once we have obtained Q\ and Q]j, we can simply invert the steps of 
forward algorithm to get the quiver gauge theory m corresponding to CY^. 
This is the procedure of partial resolution to get the quiver gauge theory for 
a toric Calabi-Yau by embedding it into a bigger toric diagram of another 
toric Calabi-Yau whose quiver gauge theory is already known. We have 
mentioned earlier that the toric diagram of any arbitrary toric CY^, can be 
embedded into the toric diagram of (Zm x Z„) abelian orbifolds of C^, for 
some suitable values of m and n. Further, the quiver gauge theories for the 
abelian orbifolds of can be easily constructed from the structure of the 
orbifolding group (Z^ x Z„) and are known in the literature. Thus partial 
resolution method, in principle, should be able to compute the quiver gauge 
theory for any given toric diagram. Partial resolutions of C^/ (Z 2 x Z 2 ) 
to get the conifold and suspended pinch point (SPP) theories have been 
investigated in |45[ 146] . Partial resolution of C^/ (Z 3 x Z 3 ) was performed 
in m to get the theories corresponding to Fano twofolds. 

2.2 Scheme of the paper 

Unfortunately, in the case of the abelian orbifolds of C^, the quiver Chern- 
Simons theory is not known for a general (Z„^ x Z „2 x Z^g) orbifold of C^. 
Thus obtaining the quiver Chern-Simons theory of an arbitrary toric CY 4 by 
partial resolution method is not possible. However, we can still apply partial 
resolution approach, if we know that the toric diagram of a toric CfT can 
be embedded into the toric diagram of any bigger toric CY 4 (not necessarily 
an orbifold of C^), whose quiver Chern-Simons theory is known. There are 
18 toric Fano threefolds in literature and taking complex cone over them 
will give 18 toric The quiver Chern-Simons theories corresponding to 
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all these 18 toric CI 4 is known [371 EH]. In this work, we first find if any of 
these 18 Fano threefolds can by embedded into any bigger Fano threefold. 
If such an embedding is possible, we carry out the partial resolution method 
to obtain the reduced charge matrices, using the steps given earlier. Once 
we have obtained the reduced charge matrix for a Fano threefold, we apply 
inverse algorithm to see if it is possible to extract a quiver diagram. A 
quiver diagram consists of nodes representing the U{N) gauge groups. An 
arrow connecting node-a to node -6 is a bifundamental field transforming 
under the fundamental representation of U{N)a and the anti-fundamental 
representation of C/(iV)ft. There can also be an arrow which start and end 
at same node-c, which represents an adjoint field transforming under the 
adjoint representation of U{N)c. The matter content given by the quiver 
diagram can be encoded into a matrix, called as the incidence matrix m 
which is given as: 



( 

X2 

^3 • 

■ Xe \ 


dll 

di2 

di3 ■ 

■ diE 

{^)gxE — 

<^21 

d22 

d23 ■ 

■ d2E 


V dci 

dG2 

dG3 ■ 

■ dcE / 


Here G labels the gauge groups or the nodes in the quiver diagram and Xj’s 
label the fields or the arrows in the quiver diagram. We can set a convention 
to fix the entries of the d-matrix by looking at a quiver diagram. Similar to 
the convention used in |13j . we use the following convention in this paper: 

(^)a,Xi 3 = ^Tail{Xp),a “ ^Head{Xii),a ■ ( 12 ) 

This convention means that if there is an arrow in the quiver diagram 
which starts at the node-a but ends at any other node, the element of d 
corresponding to node-a and field-will read -1. Similarly if the arrow 
A^ starts at some other node and ends on node-a, the corresponding element 
of d-matrix will be 1. If there is an adjoint field represented by arrow Xp 
starting and ending on the same node-a, the corresponding entry of d will 
be 0. It is not difficult to see that in the matrix d given in ( |11[ ), an element 
can only take values 1, -1 or 0. With this restriction in mind, we apply the 
inverse algorithm and extract d to see what kind of quiver diagrams we can 
construct. It should also be mentioned that these quiver diagrams should 
have equal number of incoming and outgoing arrows at each node. 

It is interesting to mention that we tried removing various possible points 
in the toric diagrams of each of the 18 Fano threefolds and were able to detect 
the following embeddings (some of these embeddings are already known, in 
the references given): 

• Fano is embedded inside Fano [32| , Fano B2 |32| and Fano C 5 . 
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• Fano Bi is embedded inside Fano C2. 

• Fano B4 is embedded inside Fano 2^2 j 39 j and Fano C4 [ 39 ]. 

• Fano Cl is embedded inside Fano 82- 

• Fano C3 is embedded inside Fano S3 [ 39 ] and Fano 

• Fano P2 is embedded inside Fano £4. 

• Fano £i is embedded inside Fano T2 [ 39 ] , 

In the following sections, we will discuss these embeddings in detail. We 
will obtain the reduced charge matrices via partial resolution and extract 
the quiver diagrams, if possible. 


Q 

3 Embedding of Fano P inside other Fano three¬ 
folds 


In this section, we will discuss about the possible embeddings of Fano 
inside the remaining 17 Fano threefolds. We tried all the possibilities of 
removing points from the toric diagrams of these 17 Fano threefolds to get 
the toric diagram of Fano P^. We find that Fano P^ can be embedded inside 
Fano C5, Fano B3 and Fano B2- The embedding of Fano P^ inside Fano 
B3 and Fano B2 has already been done in | 32 |. We will first review this 
result in the following two subsections as a warmup, and then discuss about 
the embedding of Fano P^ inside Fano C5. Since the quiver Chern-Simons 
theories for all the 18 Fano threefolds are known, we can also perform the 
partial resolution of Fano B3, Fano B2 and Fano C5 to obtain the reduced 
charge matrix for Fano P^. From the reduced charge matrix, we can obtain 
the possible quiver diagrams using the inverse algorithm method. We have 
shown by an example in section 3 . 3 , on how to extract the possible quiver 
diagrams from a reduced charge matrix. If we can find a quiver gauge theory 
for Fano P^, whose quiver diagram is different from what is already known 
in the literature jSSj; we can say that we have obtained a new toric duality. 
The partial resolution of Fano B3 and Fano B2 was given in | 32 |. We will 
first review them and then perform the partial resolution on Fano C5. 


3.1 Embedding of Fano inside Fano B 3 

The toric diagram of Fano B3 can be encoded into the following toric data: 




/ Pi P2 P3 Pi P5 P6 Pi \ 

1111111 
1 -1 0 0 0 0 0 

0 0 1 -1 0 0 0 

Vo 1 0-1-1-10/ 


( 13 ) 
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The vectors forming the column of this toric data are four dimensional but 
the tip of all these vectors lie on the same hyperplane. Thus the first entries 
of each column is 1. The remaining three components of each column vector 
can be represented as a point in lattice. The convex hull of all these 
points is a convex lattice polygon and is called the toric diagram. The toric 
diagram of Fano encoded by the toric data (13) is shown in figure [^a). 
The point (0, 0, 0) is an internal point in the toric diagram and is shown 
in blue. In fact, the toric diagrams of all the Fano threefolds have (0, 0,0) 
as an internal point m- From the toric data, we see that each column is 
associated with a GLSM field pi which are matter helds in Witten’s linear 
(T-model. Note that it may be possible for different pi fields to be associated 
with the same point in the toric diagram. For example, the fields ps and 
Pq correspond to the same point ( 0 , 0 ,— 1 ) of the toric diagram as shown 
in figure [^a). Thus the point (0,0, —1) has multiplicity 2, all other points 
have multiplicities 1 . As far as toric diagram is concerned, the multiplicities 
do not have any role. However they have a crucial role in determining 
the corresponding quiver gauge theory and hence we will keep track of the 
multiplicities. 


The toric data for Fano is given as: 


Gm'i — 


/ Pi P2 P3 P4 Pb \ 

11111 
1-10 00 
01-100 
Vo 0 1-10/ 


(14) 


and is shown in hgure[^c), where we have written the GLSM fields as pi to 
differentiate them from the GLSM fields of Fano H 3 . From the next section 
onwards, we will not differentiate them and the GLSM fields in a toric data 
will be only represented by pi. As shown in [32], if we remove the set of 


points {p 5 ,P 6 } from the toric data of Fano B 3 (13), we get a reduced toric 
data shown in hgure[^ 6 ). This is equivalent to the toric data of because 
toric data of P^ can be obtained by acting a GL{4, Z) transformation on the 
reduced toric data as given below: 


Gtu>3 — 


( 1 0 
0 1 
0 0 
V 0 0 


0 

0 

-1 

1 


0 \ 
0 
1 

0 / 


/ Pi P2 P3 PA P7 \ 


1 1 
1 -1 
0 0 
V 0 1 


1 1 1 

0 0 0 

1 -1 0 

0-10/ 


(15) 


We have also shown this in the hgure[^ Thus Fano P^ is embedded inside 
Fano H 3 . Next, we will perform the partial resolution of Fano B 3 |32|. For 
this, we will need the information about the quiver Chern-Simons theory 
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Figure 1: Figure (a) shows the toric diagram corresponding to the toric data 
(13) along with The GLSM fields pi. Note that ps and pq correspond to the 
same point implying a multiplicity 2. Figure (b) is the reduced toric diagram 
obtained by removing p^ and pq. This is equivalent to the toric diagram for 
Fano in figure (c) whose toric data is given in (14). 


corresponding to Fano B 3 , which is given in |38j . The charge matrix cor¬ 
responding to the quiver Chern-Simons theory for Fano B 3 is given below 

m- 

1 1 3 3 -1 -1 -6 \ 

11110 0 -4 . (16) 

0 0 2 2 -2 0 ^ / 

As discussed in section we can write a row (r) of the charge matrix Qjps 
for Fano as a linear combination of the rows (Ri) of charge matrix for 
Fano S 3 given in eq. as: 

r = aiRi + a 2 i ?2 + 03-^3 

= (ai -|- 02, oi -|- 02, 3 oi -|- 02 -|- 203, 3 oi -|- 02 -|- 203, —oi — 203, —oi, —601 — 4 o 2 — 203) . 

Since we deleted the points {p 5 ,Pq} in order to get the toric data of Fano 
P^ from Fano S 3 , we must also set the corresponding columns 5, 6 in r to 
0. Thus, we get: 

— oi — 203 = 0, —oi = 0 => oi = 03 = 0 . (17) 

Substituting it back in r, we get: 

r = 02^2 = 02 ( 1 ,1,1,1,0,0,-4) . (18) 



Thus, (5|p3 will be spanned by just one row. Since this row was a Qp row 
in (16), it will continue to be an S-term row. Thus, the charge matrix Qjps 
(after deleting the columns 5 and 6) will be given as: 


Q 3 = (Q^ ) = (1,1,1,1,-4) 


(19) 
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Figure 2: Figure (a) shows the toric diagram for Fano S 2 corresponding 
to the toric data (20). Removing {P 5 ,P 6 ,P 7 } gives a reduced toric diagram 
which is equivalent to toric diagram for Fano of figure [^c). 


which is the charge matrix of Fano . This matches with the charge matrix 
for Fano P^ theory known in the literature [38] and we will get the same 
quiver diagram for Fano P^ as given in [38]. 


3.2 Embedding of Fano inside Fano B 2 

The toric data of Fano B 2 is given below: 


^02 


/ Pi P2 P3 Pi P5 P6 Pi P8 \ 

1 ■ 1 i 1 i 1 1 i 

1 -1 0 0 0 0 0 0 

01-10 0000 

V 0 0 1-1-1110/ 


( 20 ) 


The toric diagram is shown in figure [^a). If we remove the set of points 
{P5 jP6tP7 } [121 from the toric data of Fano B 2 (20), we get a reduced toric 


data which is related by a GL(A, Z) transformation to the toric data of Fano 

p3 



/1 

0 

0 

0 \ 

0 

1 

0 

0 

0 

0 

1 

0 

V 0 

0 

0 

1 / 


/ Pi P2 P3 PA P8 \ 

11111 
1-10 00 
01-100 
Vo 0 1 -10/ 
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Figure 3: Quiver diagram for Phase-I and Phase-II of Fano C 5 . The Chern- 
Simons levels are given in red adjacent to the nodes. 


Thus, Fano is embedded inside Fano 82 - Performing the partial resolution 
of Fano B 2 |42j , we obtain the same reduced charge matrix for Fano given 
in (19). Hence we will get the same quiver diagram for Fano P^ shown in 


3.3 Embedding of Fano inside Fano C 5 

Now we will discuss about the embedding of Fano P^ inside Fano C5. It 
is interesting to note that Fano C5 itself has two toric dual quiver gauge 
theories, known as phase-I and phase-II of Fano C 5 as shown in figure 
which have been discussed in [371117!. Both of these phases have the same 
toric data as that of Fano C5, but with different multiplicity of one of the 
point. This means that the number of columns in the toric data for phase-I 
and phase-II of Fano C 5 are different, though both of them represent the 
same toric diagram of complex cone over Fano C5. If the number of columns 
in toric data are different, the number of pi fields we have to remove in order 
to show the embedding of Fano P^, will also be different. This will affect the 
partial resolution approach, and in principle, may lead to different reduced 
charge matrices. Thus, we will do the partial resolution of both the phases 
of Fano C 5 to get the reduced charge matrices for Fano P^. 


3.3.1 Partial resolution of Phase-I of Fano C 5 


The quiver gauge theory for phase-I of Fano C 5 has been discussed in [37j. 
The quiver diagram for this theory is given in figure Further the toric 
data (Q) of the CY 4 which is the complex cone over Fano C 5 corresponding 
to phase-I is given as m- 


r>Phase—l 


/ Pi P2 P3 Pi P5 P6 P7 PS \ 

11111111 
1 -1 0 0 0 0 0 0 

0 0 1 -1 0 0 0 0 

Vo 1 0-11-100/ 


( 22 ) 
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Figure 4: Figure (a) shows the toric diagram for phase-I of Fano C 5 . Remov¬ 
ing either {P 5 ,P 6 ,P 7 } or {P5,P6,P8} gives a toric diagram which is equivalent 
to toric diagram for Fano of figure [^c). 


The corresponding toric diagram is shown in figure |^o). We find that if we 
remove the set of columns {P 5 ,P 6 ,P 7 } or {P 5 ,P 6 ,P 8 }, we get a reduced toric 
data which is GL[A,'L) related to the toric data of Fano (14): 


QmS — 


Gm3 — 


( 1 
0 
0 

V 0 

( 1 

0 
0 

V 0 


0 

0 

-1 

1 

0 

0 

-1 

1 


0 \ 

0 
1 

0 / 

0 \ 

0 
1 

0 / 


Pi P2 P3 


P8 \ 


\ 


1 

-1 

0 

1 


1 

0 

-1 

-1 


1 1 
1 -1 
0 0 
0 1 

tPhase—I 


/ 


( Pi P2 P3 PA P7 \ 


1 1 1 

0 0 0 

1 -1 0 

0-10 


/ 


(23) 


Note that the p 7 and ps columns in ^ are repeated columns. Thus 

removing either of p 7 or ps will not make any difference as far as toric datas 


are concerned. This is also evident from eq. (23). However, this may lead 
to different partial resolutions. 

The next step is to find the reduced charge matrix (say Q) for Fano P^. 
We start with the charge matrix for the quiver gauge theory for phase-I of 
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Fano C 5 , which is given by m- 


Q Phase—I 
C5 



( 1 

1 

0 

0 

-1 

0 

-1 


( Qf\ 

0 

0 

1 

1 

0 

-1 

0 

-1 

\Qd J 

0 

0 

0 

0 

1 

1 

0 

-2 


V 0 

0 

0 

0 

0 

0 

1 

-1 / 


( 24 ) 


Since we are looking for the possible embedding, a row (r) of the reduced 
charge matrix Q for Fano can be written as linear combination of rows 


of the charge matrix of Fano C 5 , given in eq. (24). Thus, we can write. 


r = aiRi + a2R2 + a^Rs + 04/24 , 


(25) 


where Ri’s denote the rows of the charge matrix of Fano C 5 . So, we have. 


r = 


oi, oi, 02, 02, —oi + 03, —02 + 03, —oi + 04, —02 — 203 — 04 ) 

(26) 

We have seen earlier, we have the option of either removing {P 5 ,PG,P 7 } or 
{P 5 ,P 6 ,P 8 } from the toric diagram. Let us first remove {P 5 ,P 6 ,P 7 }- In the 
partial resolution method, we must also set the corresponding columns in 


the row given in eq. (26) and should remove it. Setting these columns to 0, 


we will get —oi + 03 = 0, —02 + 03 = 0 and —oi + 04 = 0 respectively. This 
gives 04 = 03 = 02 = 04 . Thus, a row of the reduced charge matrix will be 
given as. 


— (i\R\ + CL7R2 + 04/23 + 04/24 

= Oi(i?i + R2 + R3 + Ra) 


(27) 


Thus we find that the required Q is spanned by just one row which is i?i + 
R 2 + R 3 + R 4 = (1,1,1,1, 0, 0, 0, —4). Since this is a combination of the 
QF and Qd rows as given in (24), the row Ri + R 2 + R 3 + R^ will now 


correspond to a D-term and hence will he a. Qd row in the reduced charge 
matrix. Hence, the reduced charge matrix for Fano is given as. 


Q = Q4? = (1, 1,1,1,-4) , 


(28) 


where we have also removed the columns 5, 6 , 7. We see that in this case, 
we obtain Qp = h (i.e. all the entries va. Qp are 0) and so the total charge 
matrix [Q) contains only Qp). This is a possible charge matrix for Fano P^. 
This charge matrix is different from the existing charge matrix for Fano P^ 
in the literature [38] given in eq. (19). So our next step must be to continue 


with the charge matrix of eq. (28), apply inverse algorithm and see if we 


can get a new quiver diagram. From the Qp matrix, we obtain matrix T 
which is nullspace oi Qp {T.Qp = 0) [13]. From T, we can obtain the dual 
cone matrix K (see appendix of m on how to find the dual cone) such that 
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K.T > 0, which means all the elements of matrix K.T are non-negative. For 


our present case 

, we 

obtain 

these matrices as 

5 







/ 0 

0 

0 

0 

1 \ 


/ 

0 

0 

0 

0 

1 

\ 


0 

0 

0 

1 

0 



0 

0 

0 

1 

0 


T = 

0 

0 

1 

0 

0 

;K = 


0 

0 

1 

0 

0 



0 

1 

0 

0 

0 



0 

1 

0 

0 

0 



V 1 

0 

0 

0 

0 y 


V 

1 

0 

0 

0 

0 

/ 


We define another matrix P = K.T which is called as the perfect matching 
matrix. All the entries of this matrix are non-negative. The rows of this 
matrix label the matter fields or the arrows Xi of the quiver diagram and 
columns label the GLSM fields pi. In other words this matrix encodes the 
GLSM charges of various arrows of the quiver diagram. Here we get this 
matrix as, 


/ 

Pi 

P2 

P3 

P4 

P5 

\ 


1 

0 

0 

0 

0 


^2 

0 

1 

0 

0 

0 


^3 

0 

0 

1 

0 

0 


A4 

0 

0 

0 

1 

0 


V ^5 

0 

0 

0 

0 

1 

/ 


Using P and Q^i matrices, we can obtain a matrix X(^q_ 2 )xE called as 
projected charge matrix and is given as A* = P.Q^^. Here G indicates the 
number of nodes in the required quiver diagram and E is the number of 
arrows in the quiver diagram. The matrix A is related to the incidence 
matrix d explained in eq. 0 and the Ghern-Simons levels {{ki}) of the 
theory by the relation, 


Ajj — ki-\-\dij , i — (1,2,..., G 2) . (31) 


Here the matrix d and Chern-Simons levels {ki, k 2 , ■ ■ ■, kc) are the unknowns 
along with the constraints that the elements of matrix d can only be 1, -1 or 0 
and the sum of Chern-Simons levels of all the nodes vanishes ki = 0). 

Thus we can obtain all possible combinations of d matrices and Chern- 
Simons levels. From d-matrix, we can draw the quiver diagram using the 
convention given in eq. (12). The superpotential W of the quiver gauge 


theory can be constructed from K matrix m- 


For our present case, using Qn and P matrices given in eq. (28) and eq. 


(30) respectively, we obtain, 


A = ( 1 1 1 1 -4 ) . 


(32) 


From this A, we obtain 24 different diagrams as shown in figure but 
these diagrams are not the quiver diagrams because they do not have equal 
number of incoming and outgoing arrows at each node. 
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Figure 5: 24 diagrams corresponding to the charge matrix (28). These 
diagrams violate the restriction that a quiver gauge theory has equal number 
of incoming and outgoing arrows. 


We further tried the second option of removing {p 5 ,Pe,P 8 } from the toric 
data of phase-I of Fano C 5 and obtained the same charge matrix given in eq. 
(28) which means we get the same diagrams as shown in figure 


3.3.2 Partial resolution of Phase-II of Fano C 5 

The quiver diagram for phase-II of Fano C 5 HZ! is given in figure The 
toric data {Q) of the complex cone over Fano C 5 corresponding to phase-II 
is given as HZj: 


r>Phase—II 


/ Pi P2 P3 Pi P5 P6 P7 P8 P9 \ 


1 1 1 

1-10 
0 0 1 

V 0 1 0 


1 1 1 

0 0 0 

-10 0 
-1 1 -1 


1 1 1 
0 0 0 
0 0 0 
0 0 0 / 


(33) 


The toric diagram drawn from toric data ( |33[ ) is same as shown in figure 
Qa) except that the internal point (0, 0, 0) now has multiplicity 3 because 
the GLSM fields {P 7 ,P 8 ,P 9 } correspond to the same point (0,0,0). We 
can clearly see that to get the toric diagram of Fano given by toric 
data (14), we have now 3 choices of removing points from toric data (33); 
{P 5 ,P 6 ,P 7 ,P 8 }, {P 5 ,P 6 ,P 7 ,P 9 }, {P 5 ,P 6 ,P 8 ,P 9 }- However we find that in all 
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Figure 6 : Toric diagram for Fano C 2 is shown in figure (a). Removing ^3 will 
give a reduced toric data which is equivalent to toric diagram for phase-I of 
Fano Bi given in figure ( 6 ). 


these three cases of removing points, the reduced charge matrix is the same 
as given by eq. (28) and we get the same diagrams as shown in figure 


4 Embedding of Fano Bi inside Fano C 2 


In this section, we will discuss about the embeddings of Fano Bi inside 
Fano C 2 and also the partial resolution of Fano C 2 . The quiver gauge theory 
corresponding to Fano C 2 is discussed in [37]. The information about the 
quiver gauge theory can be encoded in the charge matrix (Q) which is given 
by |37j: 


QC2 



f 

1 

1 

1 

0 -1 

-1 -1 

0 

\ 



0 

0 

1 

-1 -1 

0 0 

1 


\Qd J 


0 

0 

0 

0 1 

1 0 

-2 



V 

0 

0 

0 

0 0 

1 -1 

0 

/ 


(34) 


The toric data for Fano C 2 corresponding to this quiver gauge theory is given 

as [57] : 


Gc2 


/ Pi P2 P3 P4 P5 P6 P7 PS \ 

11 1 1 1111 

1 -1 0 0 0000 

0 1 -1 -1 0 0 0 0 

V 1 0 0 1-1110/ 


(35) 


The toric diagram encoded by (35) is shown in figure [^a) . There are two 
possible quiver Chern-Simons theories corresponding to complex cone over 
Fano Bi which were obtained in |38j and [39]. We will call them as phase-I 
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and phase-II of Fano Bi respectively. The charge matrix for phase-I of Fano 
Bi and the corresponding toric data are given as [38] : 


^phase—I 


r>phase—I 



111-2-2-2 3 \ 

0 0 0 2 1 1 -4 ; 

0 0 0 1 0 1 -2 / 


/ Pi P2 P3 Pi P5 P6 P7 \ 

1 1 1 1 1 1 1 

1 -1 0 0 0 0 0 

0 1 -1 0 0 0 0 

Voo 2-1110/ 


(36) 


Similarly, the charge matrix for phase-II of Fano Bi and the corresponding 
toric data are given below j39| : 


^phase—II 


r»phase—II 




/1 

1 

1 

0 

-1 

0 


1 

-1 \ 

f Qf 

V 

0 

0 

0 

0 

0 


1 

0 

-1 

V Qd 

) 

0 

0 

0 

1 

0 


-1 

1 

-1 



V 0 

0 

0 

0 

1 


0 


1 

0 / 

( Pi 

P2 

P3 

P4 

P5 


P6 

P7 

P8 

\ 



1 

1 

1 

1 

1 


1 

1 

1 




1 

-1 

0 

0 

0 


0 

0 

0 




0 

1 

-1 

0 

0 


0 

0 

0 




V 0 

0 

2 

-1 

1 


0 

1 

0 

/ 




We can see that the toric data of both the phases are same except for the 
different multiplicities of the point (0,0,0). The toric diagram for phase-I 
of Fano Bi is given in figure [^ 6 ) where the point (0,0,0) is indicated by p 7 . 
For phase-II of Fano Bi, the point (0,0,0) will correspond to P 7 ,P 8 - Since 
we have different number of columns in the two phases of Fano Bi, we must 
study the embedding and partial resolution of both the phases separately. 


4.1 Partial resolution of Fano C 2 to phase-I of Fano Bi 


If we remove the third column (^ 3 ) from the toric data of Fano C 2 (35), the 
new toric data is GL(4,Z) related to the toric data of phase-I of Fano Bi 
(36) as given below: 


pphase—I 
^ B\ 


/1 

0 

0 

0 \ 

0 

1 

0 

0 

0 

0 

1 

0 

V 0 

-1 

-1 

1 / 


/ P\ P2 PA P5 P6 Pi P8 \ 

11 1 1111 
1 -1 0 0 0 0 0 

0 1 -1 0 0 0 0 

\ I 0 1-1110/ 

( 38 ) 
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Thus we find that the toric data for phase-I of Fano Bi is embedded inside 
that of Fano € 2 - Next we find the reduced charge matrix obtained as a result 
of removal of the point from the toric data of Fano C 2 . The procedure is 
same as given earlier. A row (r) of the reduced charge matrix (which is to 
be obtained) for Fano Bi can be written as linear combination of the rows 


Ri, R 2 , R 3 , R 4 of charge matrix for Fano C 2 given in eq. (34): 


r = aiRi + a2R2 + 03-^3 + « 4 -R 4 

= (ai, oi, ai + 02, —02, —oi — 02 + 03, 
—oi + 03 + 04, —oi — 04,02 — 203) 


(39) 


Now, since we removed from the toric data, we must set the third column 


to 0 in the eq. (39), which means setting 01+02 = 0. This gives 02 = —oi. 


Substituting it back in the linear combination, we get. 


r = aiRi — aii?2 + 03-^3 + 04i?4 

= Oi {Ri — R 2 ) + CL 3 R 3 + 04 i ?4 (40) 

Thus we find that the reduced charge matrix (say Q) is spanned by three 
rows: (i?i — R 2 ) which will form a Qp row and the two rows R 3 and R 4 , 
both of which will be rows of Qd charge matrix. Thus the final reduced 
charge matrix can be written as: 

1 1 1 0 -1 -1 -1 \ 

0 0 0 1 i 0 ^ , (41) 

0000 1 -1 0 / 



where we have deleted the entire third column in the expression of Q (which 
was already set to 0). This reduced charge matrix Q is different from the 
charge matrices (|36l) and (37) of the known quiver gauge theories for Fano Bi. 


So we must check if this charge matrix (Q) encodes a quiver diagram. For 
this, we must apply the inverse algorithm starting from the charge matrix 
Q in eq. (41). The perfect matching matrix from (41) comes out to be. 



Pi 

P2 

P3 

Pi 

P5 

P6 

P7 


0 

0 

0 

1 

0 

0 

0 

X2 

1 

0 

0 

0 

1 

0 

0 

X3 

0 

1 

0 

0 

1 

0 

0 

A4 

0 

0 

1 

0 

1 

0 

0 

^5 

1 

0 

0 

0 

0 

1 

0 

^6 

0 

1 

0 

0 

0 

1 

0 


0 

0 

1 

0 

0 

1 

0 

^8 

1 

0 

0 

0 

0 

0 

1 

^9 

0 

1 

0 

0 

0 

0 

1 

Xio 

0 

0 

1 

0 

0 

0 

1 


( 42 ) 


24 













We find that this P matrix does not give any sensible quiver diagram. 

In case of phase-II of Fano Bi, we see that the toric data has 8 columns 
as given in (37), where the vertices (0, 0, 0) and (0, 0,1) both having multi¬ 
plicities 2. Moreover, the toric data for Fano C 2 also has 8 columns given 
by (35) where only vertex (0,0,1) has multiplicity 2. We could not find any 
GL(4, Z) matrix, by which the two toric datas can be related. Hence, we 
could not perform the partial resolution in this case. 


5 Embedding of Fano inside other Fano three¬ 
folds 

In this section, we will discuss about the possible embeddings of Fano B 4 
inside the remaining 17 Fano threefolds. We tried all the possibilities of 
removing points from the toric diagrams of these 17 Fano threefolds to get 
the toric diagram of Fano B 4 . We find that Fano B 4 can be embedded inside 
Fano 1^2 and Fano C4. Note that the embedding of Fano B 4 inside Fano 1^2 
and Fano C 4 has already been seen in [39]. In the following subsections, we 
will discuss these embeddings and then use the method of partial resolution 
to obtain the possible reduced charge matrices for Fano B 4 . We will then 
apply inverse algorithm on these reduced charge matrices to find any quiver 
diagram. 


5.1 Embedding of Fano B 4 inside Fano V 2 

The toric data of Fano B 4 can be embedded inside the toric data of Fano 
7^2 [39]. The quiver gauge theory corresponding to Fano 1^2 is discussed in 
m- The information about the quiver gauge theory can be encoded in the 
charge matrix (Q) which is given by |37| : 


Qv2 



f 

1 

1 

0 

1 

-1 

0 

-1 

-1 

\ 



0 

0 

1 

-1 

0 

-1 

1 

0 


\Qd J 


0 

0 

0 

0 

1 

1 

0 

-2 



V 

0 

0 

0 

0 

0 

0 

1 

-1 

/ 


(43) 


The toric data for Fano 1^2 corresponding to this quiver gauge theory is 
given as m- 



/ Pi 

P2 

P3 

P4 

P5 

P6 

P7 

P8 

\ 



1 

1 

1 

1 

1 

1 

1 

1 



&V 2 = 

1 

-1 

0 

0 

0 

0 

0 

0 


(44) 


0 

1 

-1 

-1 

0 

0 

0 

0 




V 0 

0 

0 

1 

1 

-1 

0 

0 

/ 



The toric diagram is shown in figure j^a). This toric diagram embeds the 
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Figure 7 ; Toric diagram for Fano P2 is shown in figure (a). Removing 
{P4^P7} or {p4,P8} will give the toric data for Fano R4 given in figure (b). 
Figure (c) is the toric diagram for Fano C4 and removing {^5,^7} or {p5,ps} 
will give Fano B4 toric diagram. 


toric diagram of Fano R4 shown in figure [^6), the vertices of which can be 
encoded in the following toric data [ 38 ] : 


Gb 4 


/ Pi P2 P3 P4 P5 P6 \ 


11 1111 
1-10000 
0 1-10 0 0 
Vo 0 0 1-10/ 


( 45 ) 


The quiver gauge theory for Fano B4 was given in m and the corresponding 
charge matrix is given as: 


Qb 4 = 



1 1 1 -1 -1 -1 \ 

0 0 0 i i ^ / ■ 


( 46 ) 


We see that the toric data of Fano R4 given in ( 45 ) is related by a GL{A, Z) 
transformation to the toric data of Fano P2 ( 4 : 4 ) if we remove the set of 
points {pi,P7} or {pi,ps} from ( 44 ) as given below: 


0 b 4 


/ 1 0 0 0 \ 
0 10 0 
0 0 10 
V 0 0 0 1 / 


/ Pi P2 P3 Pb P6 P8 \ 
11 1111 
1-10000 
0 1-10 0 0 
Vo 0 0 1-10/ 
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( 47 ) 


Gb 4 


/ 1 0 0 0 \ 
0 10 0 
0 0 10 
V 0 0 0 1 / 


/ Pi P2 P3 P5 P6 P7 \ 
11 1111 
1-10000 
0 1-10 0 0 
Vo 0 0 1 - 10 / 


We start with the choice of removing {pa,P7} points from the toric diagram 
of Fano P2 and find the reduced charge matrix obtained as a result of removal 
of these points. A row (r) of the reduced charge matrix (which is to be 
obtained) can be written as linear combination of the rows Ri, R2, R3, Ri of 


charge matrix for Fano T)2 given in eq. ( 43 ): 


r = aii^i + a2i?2 + a^R^ + a^R/i 

= («i, ai — < 22 , —ai + 03) — 02 + 03) 

—oi + 02 + 04, —oi — 203 — 04) 


( 48 ) 


Removing {p4)P7} columns, we must set the corresponding columns in ( 48 ) 
to 0 , which means setting oi — 02 = 0 and —oi + 02 + 04 = 0 . This gives 
02 = oi and 04 = 0 . Substituting it back in the linear combination, we get. 


r = aiRi + 01R2 + 03R3 
= oi {Ri + R2) + a^Rs 


( 49 ) 


Thus we find that the reduced charge matrix (say Q) is spanned by two rows: 
{Ri + R2) which will form a Qp row and R3, which will form a Qd row. 
Thus the final reduced charge matrix can be written as (removing fourth 
and seventh columns): 


Q = 


Qf 

Qd 


111 - 1 - 1-1 


0 0 0 1 1 -2 


The T and K matrices are given as. 


T = 


0 


/ 1 
1 
1 

-101000 
V- 110000 / 


0 0 0 1 \ 
0 0 0 1 0 
0 0 10 0 


;iF = 


/ 0 0 1 0 0 V 
0 0 10 1 
0 0 110 
0 10 0 0 
0 10 0 1 
0 10 10 
1 0 0 0 0 
1 0 0 0 1 
V 1 0 0 1 0 / 


( 50 ) 


( 51 ) 
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Figure 8; Quiver diagram and Chern-Simons levels obtained for Fano ^64 
from reduced charge matrix ( 50 ), as a result of partial resolution of Fano 
2^2 • The quiver diagram matches with the known quiver for Fano | 37 !. 


The perfect matching matrix is given as, 



Pi 

P2 

P3 

P4 

P5 

P6 \ 

Xi 

1 

0 

0 

1 

0 

0 

X 2 

0 

1 

0 

1 

0 

0 

X 3 

0 

0 

1 

1 

0 

0 

X 4 

1 

0 

0 

0 

1 

0 

X 5 

0 

1 

0 

0 

1 

0 

Xe 

0 

0 

1 

0 

1 

0 

Xr 

1 

0 

0 

0 

0 

1 

Xs 

0 

1 

0 

0 

0 

1 

Xg 

0 

0 

1 

0 

0 

1 / 


( 52 ) 


From this P matrix we can obtain the qniver diagram and the Chern-Simons 
levels as shown in figure]^ The Chern-Simons levels (fei, ^2, k^) = ( 1 , —2,1) 
have been written in red across the nodes of the qniver The superpotential 
of the theory can be constrncted from K and comes out to be: 


Ws, = X1X5X9 - XiXqXs + X2X6X7 - X2X4X9 + X3X4X8 - X3X5X7 . 

( 53 ) 

We see that this is the same quiver gauge theory for Fano B4 as given in 
[ 37 ] . In | 37 j , a quiver gauge theory (obtained from the brane tiling approach 
Hg imisoiEi]) was selected and forward algorithm was used to verify that 
this was the correct theory for Fano B4. Here, we used the partial resolution 
approach and resolved Fano T>2, to get a quiver Chern-Simons theory for 
Fano B4, which happens to be the same as given in m- 
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We also tried removing the points {pi,P8} from the toric diagram of 
Fano 'D2- The reduced charge matrix comes out to be: 


« = «“ = ( J J J "i' Y - 1 ) 

The perfect matching matrix is, 


/ 

Pi 

P2 

P3 

Pi 

P5 

Pe \ 


1 

0 

0 

0 

0 

0 

W 2 

0 

1 

0 

0 

0 

0 

^3 

0 

0 

1 

0 

0 

0 

X 4 

0 

0 

0 

1 

0 

0 

^5 

0 

0 

0 

0 

1 

0 

V ^6 

0 

0 

0 

0 

0 

1 / 


This P matrix does not give any quiver diagram. 


( 54 ) 


( 55 ) 


5.2 Embedding of Fano B 4 inside Fano C 4 

The quiver gauge theory corresponding to Fano C4 is discussed in [ 3 ^ . The 
information about the quiver gauge theory can be encoded in the charge 
matrix (Q) given by [ 37 ] : 


Qci 



f 

1 

1 

-1 

-1 

0 

-1 

1 

0 

\ 



0 

0 

0 

0 

1 

1 

-1 

-1 


\Qd J 


1 

1 

0 

0 

0 

0 

0 

-2 



V 

0 

0 

0 

0 

0 

0 

1 

-1 

/ 


( 56 ) 


The toric data for Fano C4 corresponding to this quiver gauge theory is given 
as [ 37 ] : 




/ Pi P2 P3 Pi P5 P& Pi P8 \ 

1 1 1 11 1 1 1 ' 

1 -1 0 0 0 0 0 0 

0 0 1 -1 0 0 0 0 

Vo 0 0 1 1 -1 00/ 


( 57 ) 


The toric diagram is shown in figure [^c) . This toric data embeds the toric 
diagram of Fano [ 39 ], if we remove the columns {^5,^7} or {p5,P8} from 
the toric diagram of Fano C4 given by ( [ 57 ] ) as shown in figure Using 
the partial resolution method, as discussed earlier, we write a row of charge 
matrix of Fano B4 (to be obtained) as linear combination of rows of charge 
matrix ( 56 ) of Fano C4 and delete the {p5,P8} columns. Finding the linear 
combination, we get the following reduced charge matrix for Fano B4,: 


Q = 



/ 1 1 -1 -1 -1 1 \ 
V1 1 0 0 0 ^ / 


( 58 ) 
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This charge matrix is different from the charge matrices of Fano ^64 given in 
(50) and (54) and gives a P matrix as, 



Pi 

P2 

P3 

P4 

P5 

P6 \ 


1 

0 

1 

0 

0 

0 

X2 

0 

1 

1 

0 

0 

0 

^3 

1 

0 

0 

1 

0 

0 

X4 

0 

1 

0 

1 

0 

0 

X5 

1 

0 

0 

0 

1 

0 

^6 

0 

1 

0 

0 

1 

0 


0 

0 

1 

0 

0 

1 

^8 

0 

0 

0 

1 

0 

1 

^9 

0 

0 

0 

0 

1 

1 / 


However we checked that this does not give any quiver diagram. 


(59) 


6 Embedding of Fano Ci inside Fano S 2 


In this section, we wiii discuss about the embedding of Fano Ci inside Fano 
82 - The quiver gauge theory corresponding to Fano S 2 is discussed in |37!. 
The information about the quiver gauge theory can be encoded in the charge 
matrix (Q) which is given by |37j : 


Qs 2 — 



/llOOO 0 0-l-10\ 

0 0 1 1 0 -1 -1 0 0 0 

0 0 0 1 -1 -1 0 0 0 1 

0 0 o' 0 0 1 1 0 -2 0 

00000 0 1 -1 0 0 

Vooooo 0 0 0 1 -1 / 


(60) 


The toric data for Fano £2 corresponding to this quiver gauge theory is given 
as [37] : 


Ss2 = 


( Pi P2 P3 PA P5 PQ P7 P8 P9 PW \ 

1111 1 11111 

1 -1 00 0 00000 

0 0 1 -1 -1 0 000 0 

Vo 1 0 0 1 -1 110 0/ 


(61) 


The toric diagram is shown in figure [^a). We find that the toric data of 
Fano Cl can only be embedded inside the toric data of Fano £2 (61). The 
vertices of the toric diagram of Fano Ci given in figure [^ 6 ) can be encoded 
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Figure 9: Toric diagram for Fano £2 is shown in figure (a). Removing 
will give the toric data for Fano Ci given in figure (6). 


in terms of toric data given as m- 



/ Pi 

P2 

P3 

Pi 

P5 

P6 

P7 

P8 

P9 

\ 



1 

1 

1 

1 

1 

1 

1 

1 

1 



II 

1 

-1 

0 

0 

0 

0 

0 

0 

0 


(62) 


0 

0 

1 

-1 

0 

0 

0 

0 

0 




V 0 

1 

0 

1 

-1 

1 

1 

0 

0 

/ 



The quiver gauge theory for Fano Ci was given in m and the corresponding 
charge matrix is given as: 


Qci = 



/llOOOO-l-l 0\ 
0 0 1 1 0 0 -1 0 -1 

0 0 0 0 1 1 0 -1 -1 

0 0 0 0 0 1 -1 0 0 “ 

VOOOOOOO 1-1/ 


(63) 


We find that the toric data of Fano Ci given in (62) is related by a GL{A, Z) 
transformation to the toric data of Fano £2 (61) if we remove p 4 as given 
below: 


^Ci 


/ 1 

0 

0 

0 \ 

0 

1 

0 

0 

0 

0 

1 

0 

V 0 

0 

0 

1 / 


/ Pi P2 P3 Pb Pe P7 P8 P9 PlO \ 


1 1 1 

1 -1 0 

0 0 1 


1 1 1 

0 0 0 

-10 0 


1 1 1 
0 0 0 
0 0 0 


.(64) 
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The reduced charge matrix obtained as a result of removal of point p4 from 
the toric diagram is given as: 


Q = 



/llOOO 0 - 1-1 0 \ 

00110-10 0-1 
0 0 0 0 1 i 0 ^2 (P 

000001-10 0 

Voooooo 0 1-1/ 


( 65 ) 


This reduced charge matrix is different from the charge matrix ( 63 ) of the 


known quiver gauge theory for Fano Ci and gives the perfect matching matrix 
as, 



/ 

Pi 

P 2 

P3 

P4 

P5 

Pd 

Pi 

PS 

P9 \ 




0 

0 

0 

0 

1 

0 

0 

0 

0 



P 

0 

0 

1 

0 

0 

1 

0 

0 

0 



P 

0 

0 

0 

1 

0 

1 

0 

0 

0 


p = 

P 

P 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

(66) 


P 

1 

0 

0 

0 

0 

0 

0 

1 

0 



Xy 

0 

1 

0 

0 

0 

0 

0 

1 

0 



P 

0 

0 

1 

0 

0 

0 

0 

0 

1 



V Yg 

0 

0 

0 

1 

0 

0 

0 

0 

1 / 


However, we found that it 

is 

not possible 

to encode this into any possible 


quiver diagram. 


7 Embedding of Fano C3 inside other Fano three¬ 
folds 


The Fano C3 theory is also known as the /'Z2 theory. There are two 
different quiver gauge theories known corresponding to the Calabi-Yau four¬ 
fold which is complex cone over Fano C3. These quiver theories are known 
as phase-I and phase-II of Fano C3 respectively and were obtained in 137 !. 
The charge matrix for phase-I of Fano C3 and the corresponding toric data 
are given as: 


/^Phase—I 


^Phase—I 





( 1 

1 

0 

0 

-1 


-1 

0 


f Qf 

V 


0 

0 

1 

1 

0 


0 


1 

-1 

V Qd 

) 


0 

0 

0 

0 

1 


1 


2 

0 




V 0 

0 

0 

0 

0 


0 

1 

-1 / 

( Pi 

P2 

P3 

Pi 

Pb 

Pd 

Pi 

PS 

\ 



1 

1 


1 

1 

1 


1 

1 

1 




1 

-1 


0 

0 

0 


0 

0 

0 




0 

0 


1 

-1 

0 


0 

0 

0 




V 0 

0 


0 

0 

1 


-1 

0 

0 

/ 




( 67 ) 
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Figure 10: Toric diagram for Fano is shown in figure (a). Removing 
{PSiPs} or {psjPq} or {p 5 ,pio} will give the toric diagram for phase-I of 
Fano C 3 given in figure (b). Simlarly removing only will give the toric 
diagram for phase-II of Fano C 3 shown in hgure (c). 


Similarly, the charge matrix for phase-II of Fano C 3 and the corresponding 
toric data are given below: 


Q Phase—11 
Cs 


r>Phase—ll 


Qf 

Qd 


( Pi 


1 
1 
0 
V 0 


1 

-1 

0 

0 


/ 

I 

1 

0 

0 

0 

0 

-1 

0 

-1 

\ 


0 

0 

1 

I 

0 

0 

-1 

-1 

0 



0 

0 

0 

0 

1 

1 

0 

-1 

-1 



0 

0 

0 

0 

1 

1 

-2 

0 

0 


V 

0 

0 

0 

0 

0 

0 

1 

-1 

0 

/ 

»3 


Pa 

P5 

P6 

P7 

P8 

P9 \ 



I 


1 

1 


1 

1 

1 

1 



0 


0 

0 


0 

0 

0 

0 



1 


-1 

0 


0 

0 

0 

0 



0 


0 

1 


-1 

0 

0 

0 y 




( 68 ) 


The toric diagrams for both the phases I and II are shown in figure [l 0 |( 6 ) and 
[Io|(c) respectively. We can see that the toric data of both the phases are same 
except for the different multiplicities of the last column. This is clear from 
figure [To] where the point (0, 0, 0) correspond to two GLSM fields for phase-I 
and three GLSM helds for phase-II respectively. We tried removing various 
points and found that only Fanos £3 and J^i are the possible candidates in 
which Fano C 3 can be embedded. Once again, since we have different number 
of columns in the two phases of Fano C 3 , we will study the embedding and 
partial resolution of both the phases separately. 
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7.1 Embedding of Fano C 3 inside Fano 

The toric diagram for Fano is shown in figure [T^a) and can be encoded 
into the following toric data | 37 !: 


/ Pi P2 P 3 P 4 P 5 P6 P 7 P8 P 9 PlO \ 


SSs = 


1 1 
1 -1 
0 0 
Vo 0 


1 1 
0 0 
1 -1 
0 0 


1 

0 

1 

1 


1 1 
0 0 
0 0 
1 -1 


1 

0 

0 

0 


1 1 

0 0 

0 0 

00/ 


( 69 ) 


The quiver Chern-Simons theory for Fano £3 was obtained in 1371 and the 
charge matrix is given as: 


Qs . = 



(1 

1 

0 

0 

0 

0 

0 

-1 

-1 

0 

\ 


0 

0 

1 

1 

0 

-1 

-1 

0 

0 

0 


Qf \_ 

0 

0 

0 

1 

1 

-1 

0 

0 

0 

-1 


Qd ) 

0 

0 

0 

0 

0 

1 

1 

-2 

0 

0 



0 

0 

0 

0 

0 

0 

0 

1 

0 

-1 



\ 0 

0 

0 

0 

0 

0 

0 

0 

1 

-1 

/ 


( 70 ) 


The toric data of both the phases of Fano C3 are embedded inside the toric 
data of Fano £3 ( 69 ) and hence partial resolution of Fano £3 to get phases 
of Fano C3 is possible. We will discuss these in following subsections. 


7 . 1.1 Partial resolution of Fano £3 to phase-I of Fano C3 


The toric data of phase-I of Fano C3 can be embedded inside the toric data 
of Fano £3 ( 69 ), if we remove the set of points {p5,P8}, {P5,P9} or {p5,pio} 
(see figure 10) as given below: 


r>Phase—l 


/ 1 0 0 0 \ 
0 10 0 
0 0 10 
V 0 0 0 1 / 


/ Pi P2 P 3 Pi P 6 P 7 Pi Pj \ 


1111 
1-10 0 
0 0 1-1 
V 0 0 0 0 


1111 
0 0 0 0 

0 0 0 0 

1 -10 0 / 


,( 71 ) 


where, i,j G ( 8 , 9 , 10 ) and are distinct. The partial resolution method by 
removing the points mentioned above, gave three reduced charge matrices 
for Fano C3 which are all different from the charge matrices and 

QPhase-ii known quiver Chern-Simons theories for Fano C3. The 

one corresponding to the removal of {p5,P8} and its perfect matching matrix 
is given as: 



f 

0 

0 

1 

1 

-1 

-1 

0 

0 

\ 

(\ 


1 

1 

0 

0 

0 

0 

-1 

-1 


\ Qd ) 


0 

0 

0 

0 

1 

1 

0 

-2 



V 

0 

0 

0 

0 

0 

0 

1 

-1 

/ 
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Pi 

P2 

P3 

P4 

P5 

P6 

P7 

P8 \ 


1 

0 

0 

0 

0 

0 

0 

0 

X2 

0 

1 

0 

0 

0 

0 

0 

0 

^3 

0 

0 

1 

0 

1 

0 

0 

0 

X4 

0 

0 

0 

1 

1 

0 

0 

0 

^5 

0 

0 

1 

0 

0 

1 

0 

0 

^6 

0 

0 

0 

1 

0 

1 

0 

0 

X7 

0 

0 

0 

0 

0 

0 

1 

0 

. Xg 

0 

0 

0 

0 

0 

0 

0 

1 / 


( 72 ) 


The second reduced charge matrix and its perfect matching matrix obtained 
by removal of {^5,^9} is given as: 


Q 2 — 


P2 = 




/ 0 

0 

1 

1 

-1 

-1 

0 


f Qf 


1 

1 

0 

0 

0 

0 

-1 

-1 

V Qd 


0 

0 

0 

0 

1 

1 

-2 

0 



V 0 

0 

0 

0 

0 

0 

1 

-1 / 

( 

Pi P2 

P3 

P4 

Pb 

p & 

Pi 

P8 \ 


Xi 

1 

0 

0 

0 

0 

0 

0 

0 


X 2 

0 

1 

0 

0 

0 

0 

0 

0 


X 3 

0 

0 

1 

0 

1 

0 

0 

0 


Xi 

0 

0 

0 

1 

1 

0 

0 

0 


^5 

0 

0 

1 

0 

0 

1 

0 

0 


Xe 

0 

0 

0 

1 

0 

1 

0 

0 


X7 

0 

0 

0 

0 

0 

0 

1 

0 


V ^8 

0 

0 

0 

0 

0 

0 

0 

1 / 



( 73 ) 


The third and last reduced charge matrix for Fano C3 was obtained due to 
removal of points {p5,pio} from the toric diagram for Fano £3 and is given 
below: 


Qs 


P3 




/1 

1 

0 

0 

0 

0 

-1 

-1 \ 

Qf 

.V 

0 

0 

1 

1 

-1 

-1 

0 

0 

Qd 

)~ 

“0 

0 

0 

0 

1 

1 

-2 

0 



V 0 

0 

0 

0 

0 

0 

1 

-1 / 


Pi P2 

P3 

Pi 

Pb 

p & 

Pi 

P8 \ 


Xi 

0 

0 

1 

0 

1 

0 

0 

0 


X2 

0 

0 

0 

1 

1 

0 

0 

0 


X3 

0 

0 

1 

0 

0 

1 

0 

0 


Xi 

0 

0 

0 

1 

0 

1 

0 

0 


^5 

1 

0 

0 

0 

0 

0 

1 

0 


Xe 

0 

1 

0 

0 

0 

0 

1 

0 


X7 
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0 

0 

0 

0 

0 

0 

1 


. ^8 

0 

1 

0 

0 

0 

0 

0 

1 / 



( 74 ) 
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We did not find any quiver diagrams for any of these three Pi, P 2 , P 3 matri¬ 
ces. 


7.1.2 Partial resolution of Fano S 3 to phase-II of Fano C 3 


Removal of point ps from the toric data of Fano S 3 (69) gives the toric data 
for the phase-II of Fano C 3 (see figure [To]) : 


-•Phase—II 
^C3 


/ Pi P2 P3 Pi P6 P7 P8 P9 PlO \ 

I 1 1 1 1 1 1 1 1 

I -1 0000000 

001 -1 00000 
Vo 0 0 0 1 -1 00 0/ 

(75) 

The partial resolution gives the following reduced charge matrix and perfect 
matching matrix, 


/ 1 0 0 0 \ 
0 10 0 
0 0 10 
V 0 0 0 1 / 


Q = 


P = 




/ 

1 

1 

0 

0 

0 

0 

-1 


-1 0 

f Qf 

\ 


0 

0 

1 

1 

-1 

-1 

0 


0 

0 

\ - 


0 

0 

0 

0 

1 

1 

-2 


0 

0 

V Qd 




J 


0 

0 

0 

0 

0 

0 

1 


0 

-1 



V 0 

0 

0 

0 

0 

0 

0 


1 

-1 

( 

to 

Po 

Pi 

p& 

P7 

P 8 

Po 


\ 


Xi 

0 

0 


1 

0 

1 

0 

0 

0 

0 



X2 

0 

0 


0 

1 

1 

0 

0 

0 

0 



X3 

0 

0 


1 

0 

0 

1 

0 

0 

0 



Xa 

0 

0 


0 

1 

0 

1 

0 

0 

0 



X3 

1 

0 


0 

0 

0 

0 

1 

0 

0 



X^ 

0 

1 


0 

0 

0 

0 

1 

0 

0 



Xj 

1 

0 


0 

0 

0 

0 

0 

1 

0 



X 3 

0 

1 


0 

0 

0 

0 

0 

1 

0 



\ X^ 

0 

0 


0 

0 

0 

0 

0 

0 

1 / 



(76) 


This is again different from any known charge matrices for Fano C 3 . But we 
do not get any quiver diagram from this. 


7.2 Embedding of Fano C 3 inside Fano J^i 

The toric diagram for Fano Pi is shown in figure [TT] where the internal point 
(0,0,0) has multiplicity 5. The toric data is given as [57| : 

/ Pi P2 P 3 _PJ_ P5 P6 P7 P8 P9 PlO Pll Pl2 Pl3 \ 
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- 1-11 0 
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0 
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0 

0 / 


(77) 
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Figure 11: Toric diagram for Fano Ti. The internal point (0,0,0) shown 
in blue correspond to GLSM fields according to toric 

data (77) and thus has multiplicty 5. 


The quiver Chern-Simons theory corresponding to Fano J-i was discussed in 
|37! whose charge matrices are given as: 
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(78) 

The toric data of both the phases of Fano C 3 can be embedded inside the 
toric data of Fano Ti. In the following subsections, we will discuss about 
these embeddings and also list the charge matrices which were obtained as 
a result of the partial resolution of Fano J-i. 


7.2.1 Partial resolution of Fano Fi to phase-I of Fano C 3 

The toric data of phase-I of Fano C 3 can be embedded inside the toric data 
of Fano Fi (77) by removing the following set of points: {pb,p%-,P 9 -,Pio,Pii}-, 
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{P5,P6,P9,P10,P12}, {P5,P6,P9,P10,P13}, {Pb, P6, P9, Pll, P 12 }, {P5, P6, P9, Pll, Pls}, 
{P5,P6,P9,P12,P13} {Pb,P 6 ,PlO,Pn,Pl 2 }, {P5,P6,PlO,Pn, Pls}, {P5,P6,PlO,Pl2,Pl3}, 
{P 5 jP 6 iPiIjPi 2 ,Pi 3 }- Thus, there are 10 different choices of removing points 
from the toric data of Fano to get back the toric data of phase-I of 
Fano C3. So, partial resolution, in principle, should give 10 possible reduced 
charge matrices for Fano C3. However, we found that not all the charge 
matrices are different. There are only 5 distinct reduced charge matrices 
Qi,Q 2 ,Q 3 ,Q 4 :,Q 5 - All these charge matrices are different from the known 
charge matrices and of Fano C3. 

The first reduced charge matrix Qi was obtained due to removal of 
{P 5 ,P 6 ,P 9 ,Pio,Pii} and is given as: 


Qi — Qd 


/I 10000 -1-1 \ 
001100-1-1 
000011 0 -2 
yoooooo 1 -1/ 


(79) 


The second charge matrix Q 2 was obtained from the partial resolution corre¬ 
sponding to the following removal of points: {ps, P 6 , P9, Pi 1, P12 }, {ps, P 6 , P9, Pi 1, Pi3}, 
{P 5 ,P 6 ,P 9 ,P 12 ,P 13 }, {P 5 ,P 6 ,PlO,Pll,Pl 2 }, {PS,P 6 , PlO,Pll, P13}, {PS, P 6 , PlO,Pl2, Pl 3 }- 
This charge matrix is given as: 


Q 2 = Qd 


/I 10000 -1 -1 \ 
0 0 1 1 0 0 0 -2 
0 0 0 0 1 1 0 -2 
yoooooo 1 -1/ 


(80) 


The third reduced charge matrix <53 corresponds to the removal of {P5,P6,P9,P10)P12} 
and is given as: 



( 0 

0 

0 

0 

1 

1 

-1 

-1 \ 

( Qf\ 

1 

1 

0 

0 

0 

0 

-1 

-1 

\Qd J 

0 

0 

1 

1 

0 

0 

-1 

-1 


V 0 

0 

0 

0 

0 

0 

1 

-1 / 


(81) 


The fourth reduced charge matrix <54 corresponding to removal of {P5,P6,P9)P10)P13} 
is given as: 
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(82) 


The fifth and last reduced charge matrix was obtained due to removal 
of {P5,P6,Pii,Pi2,Pi3} and is given as: 
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(83) 


38 



These charge matrices do not give any quiver diagram under inverse algo¬ 
rithm. 


7.2.2 Partial resolution of Fano T\ to phase-II of Fano C 3 

The toric diagram of phase-II of Fano C3 can be embedded inside toric di¬ 
agram of Fano if remove the following sets of points: {p 5 ,P 6 ,P 9 ,Pio}, 
{P5,P6,P9,Pn}, {P5,P6,P9,P12}, {Pb, P6, P9, P 13 }, {P5,P6,PlO,Pn}, {P5,P6,PlO,Pl2}, 
{P5,P6,Pi0,Pn}, {P5,P6,P11,P12}, {Pb,P6,Pn,Pi3}, {P5,P6,Pi2,Pi3}- There 
are 10 possibilities of removing points, however, partial resolution gives only 
8 different reduced charge matrices for Fano C3. We have listed these 8 
charge matrices for Fano C3 below; 
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Out of these 8 charge matrices, no diagram is possible for Q 2 ,Q 3 ,Q 4 ,Q 5 ,Q 6 , Qj 
and Qs- For Qi, we get 10 different diagrams but they are not quiver dia¬ 
grams. 


8 Embedding of Fano P2 inside Fano £’4 


The toric diagram for Fano 2?2 is shown in figure [^o) and toric data is 
given in (44). The quiver gauge theory for Fano P 2 was given in m and 
the corresponding charge matrix is given as: 
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(85) 


The toric data of Fano 2?2 can only be embedded inside the toric data of 
Fano T 4 . The quiver gauge theory corresponding to Fano S 4 is discussed in 
1371. The information about the quiver gauge theory can be encoded in the 
charge matrix which is given by 133: 


Qsi = 



/II -10000 0 o-i\ 

0001-10-10 1 0 

0000011-1-10 
0 0 i i 0 0 0 0 0 ^ 

0000000 1-10 

Vooooooo 0 1 - 1 / 


( 86 ) 


The toric data for Fano £4 corresponding to this quiver gauge theory is given 

as [37] : 


^£4 


/ Pi P2 P3 P4 P5 Pa Pi P8 P9 PlO \ 

1111 111111 
1 -1 00 000000 
0 1 1 -1 -1 0 0 00 0 

Vo 0 0 0 1 1 -1 00 0/ 


(87) 
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Figure 12: Toric diagram for Fano £’4 with the toric data given in (87). The 
point (0, 0, 0) has multiplicity 3. 


and toric diagram is given in figure [T^ We hnd that the toric data of Fano 
1)2 given in (44) is related by a GL(4,Z) transformation to the toric data of 
Fano T4 (87) if we remove the set of points {pz-,p%} or {^3,^9} or {pziPio} 
as given below: 


Qv2 


/ 1 0 0 0 \ 
0 10 0 
0 0 10 
V 0 0 0 1 / 


/ Pi P2 PA P5 P6 P7 Pi Pj \ 

"11 1—- - -- - 1 Y- - - 

1 -1 0 0 0 0 0 0 

0 1 -1 -1 0 0 0 0 

Vo 0 0 1 1 -1 00/ 


, ( 88 ) 


where i,j G {8, 9,10} such that i / j. 

Thus we have three choices of removing points from the toric diagram 
and the partial resolution will give three reduced charge matrices Qi,Q 2 ,Q 3 - 
Removal of points {pa, Ps} and {^3,^9} will give the following reduced charge 
matrices for Fano P2 respectively: 
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(89) 


Both of these charge matrices Qi,Q 2 for Fano 2^2 are different from the 
charge matrix Qx >2 (85) of the known quiver gauge theory for Fano XI2 and 


41 
























give the following perfect matching matrices, 
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( 90 ) 


where /g is identity matrix of order 8. However we checked that none of 
them give any quiver diagram. 

The third choice of removing points {p 3 ,Pio} gives the reduced charge 
matrix Q 3 and perfect matching matrix P 3 given as: 


Qs = 


P3 = 
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(91) 


This reduced charge matrix is again different from the charge matrix Qt >2 


(85) of Fano P 2 - The P 3 matrix gives 12 diagrams but these diagrams are 


not quiver diagrams. 


9 Embedding of Fano Si inside Fano T2 

The toric diagram for Fano Si is given in figure [1^6) with toric data given 
as [37] : 


Gsi 


( Pi P2 P3 Pi P5 P6 P7 P8 P9 PlO \ 


11111 1111 
1 -1 00 0 0 000 
0 1 1 1 -1 0 0 0 0 


1 

0 

0 


(92) 
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Figure 13: Figure (a) shows the toric diagram for Fano T 2 with toric data 
given in (95). Removing and any one of the {p%,Pio-,Pii-,Pi 2 } will give 
a reduced toric data which is equivalent to toric diagram for Fano £i with 
toric data given in (92). 


The quiver gauge theory for Fano £i was given in m and the corresponding 
charge matrix is given as: 


Qsi = 



/ 1 1 0 0 1 -1 0 0 -1 -1 \ 

0 0 1 -1 0 0 1 -1 0 0 

0001 1 -1 -1 0 0 0 

0 0 0 0 0 i i 0 0 ^ 

000000 0 1 0 -1 

Voooooo 0 0 1-1/ 


(93) 


The embedding of Fano £i inside Fano J -2 was shown in [39]. We find that 
the toric diagram of Fano £i can only be embedded inside the toric diagram 
of Fano Tb- The quiver gauge theory corresponding to Fano T2 is discussed 
in m- The information about the quiver gauge theory can be encoded in 
the charge matrix which is given by m- 


Qt2 = 
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(94) 
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The toric data for Fano corresponding to this qniver gauge theory is 
given as m-. 


( Pi P2 P3 Pi P5 P6 P7 P8 P9 PlO Pll Pl2 \ 
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(95) 

and toric diagram is shown in figure [T^a). The toric data of Fano E\ given 
in (92) is related by a GL{4, Z) transformation to the toric data of Fano J ^2 
( |% ) after removing the following sets of points: {pi,P 9 }, {piiPio}, {^4,^11}, 
{Pi-:Pi 2 } as given below: 


^£1 


/ 1 0 0 0 \ 
0 10 0 
0 0 10 
V 0 0 0 1 / 


/ Pi P2 P3 P5 P6 P7 P8 Pi Pj Pk \ 
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,(96) 


where i,j, k G {9,10,11,12} and take distinct values. 

Thus we have four choices of removing points from the toric diagram 
and the partial resolution, in principle, should give four reduced charge 
matrices. However we found that removal of points {pi,pii} and {^4,^12} 
give the same reduced charge matrix. Thus, resolving the Fano J ^2 theory, 
we get three different charge matrices Qi,Q 2 ,Q 3 for Fano £i which are given 
as: 
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(97) 
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We can see that all these charge matrices Qi,Q2, Qs for Fano £i are different 


from the charge matrix ( 93 ) of the known quiver gauge theory for Fano 
Si- The perfect matching matrix for Qi is given as, 


/ 


Pi = 


Xi 

X2 
X3 
Xi 

X5 
Xe 
Xr 
Xs 
Xq 
-^10 

V ^11 


Pi P2 P3 PA P5 P6 P7 P8 P9 PlO 


\ 


0 1 0 0 0 0 
0 1 0 0 0 0 
1 1 0 0 0 0 
0 0 1 0 0 0 


10 11 
0 111 
0 0 0 0 

0 0 0 1 

001000010 0 
100000001 0 
010000001 0 
0 0 0 0 1 0 1 1 1 0 

100000000 1 
010000000 1 
0 0 0 0 1 0 1 1 0 1 J 


( 98 ) 


However we checked that this matrix does not give any possible quiver dia¬ 
gram. The matching matrix corresponding to Q2 is, 


/ 


P2 = 


Xi 
X2 
X3 
Xi 

X5 
Xe 

Xj 

Xs 
Xg 
-^10 
Xii 

V Xi 2 


Pi P2 P3 PA P5 P6 P7 P8 P9 PlO 


\ 


001000000 0 
1 0 0 1 0 1 0 0 0 0 
0 1 0 1 0 1 0 0 0 0 
000011000 0 
000100100 0 
000000010 0 
100000001 0 
010000001 0 

0 
1 


0 0 0 0 1 0 1 


0 
0 

0 0 0 0 0 0 0 
1 0 0 0 0 0 0 
1 


1 
0 

0 0 0 0 


1 
1 
0 
0 

0 10 0 


1 

1 y 


( 99 ) 


which can not be encoded by any quiver diagram. For reduced charge matrix 
Qs, the perfect matching matrix comes out to be, 


ft = 


/ _ 

^2 
^3 
X4 

^5 
^6 

^8 

\ ^9 


Pi P2 P3 PA P5 PO P7 P8 P9 PlO \ 


0 

1 

0 

0 

0 

0 

0 

0 

0 


0 

0 

1 

0 

0 

0 

1 

0 

0 


0 

0 

1 

0 

1 

0 

0 

0 

0 


0 

0 

0 

1 

0 

0 

0 

1 

0 


0 

0 

1 

1 

0 

0 

0 

0 

0 


0 
0 
0 
0 
0 
0 
0 
0 

1 / 


( 100 ) 
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but this matrix too does not give any quiver diagram. 


10 Conclusion 

In this work, we have studied the embeddings of toric Calabi-Yau fourfolds 
which are complex cones over the Fano threefolds. There are 18 Fano three¬ 
folds listed in the literature. Our main focus was to find the embeddings 
of these Fanos inside other Fano threefolds. By removing various possible 
points from the toric diagrams of these Fano threefolds, we were able to find 
the following embeddings: Fano is embedded inside Fano S3, Fano B2 
and Fano C5; Fano Bi inside Fano C2; Fano S4 inside Fano 2?2 and Fano C4; 
Fano Cl inside Fano £2] Fano C3 is embedded inside both Fano C3 and Fano 
Ti] Fano £>2 inside Fano C4; Fano £i inside Fano J-2- Some of these embed¬ 
dings like, Fano inside Fano S3 and Fano S2; Fano S4 inside Fano T>2 
and Fano C4; Fano C3 inside Fano C3; Fano £i inside Fano J-2, were already 
known. 

In all these cases, we studied the partial resolution, in order to find new 
quiver Chern-Simons theories, which may provide new examples of toric 
dualities. We found some diagrams for Fano P^, Fano Si, Fano S4, Fano C3 
and Fano £>2, using the partial resolution and inverse algorithm approach. 
But these diagrams do not have equal number of incoming and outgoing 
arrows at every node and hence are not the quiver diagrams. 

By doing the partial resolution of Fano £2, we found a quiver Chern- 
Simons theory corresponding to Fano S4 shown in the quiver diagram 
This theory matches with the already known quiver gauge theory [ 37 | for 
Fano S4. In [ 37 ] . the quiver gauge theory given by quiver was obtained 
from the brane tiling, and then the forward algorithm was used to verify 
that this theory corresponds to Fano S4. In this work, we have obtained the 
same theory for Fano S4 via the partial resolution of Fano £2- 

We would like to mention that in this work, we have only studied the em¬ 
beddings of Fano threefolds inside other Fanos. It would be quite interesting 
to explore the embeddings of these 18 Fanos inside the toric Calabi-Yau four¬ 
folds which are not complex cones over Fano threefolds, and whose quiver 
Chern-Simons theories are known. In such a case, partial resolution can be 
used to find new quiver Chern-Simons theories for the Fano threefolds. This 
may lead to the discovery of new toric dual theories. 

Acknowledgments: SD would like to thank Tapobrata Sarkar and P. Ra- 
madevi for their valuable suggestions regarding this work. 
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